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Abstract 



Qh 

C^ , We provide a sufficient condition for the continuity of real valued 

permanental processes. When applied to the subclass of permanental 
processes which consists of squares of Gaussian processes, we obtain the 
sufficient condition for continuity which is also known to be necessary. 
Using an isomorphism theorem of Eisenbaum and Kaspi which relates 
j^j ■ Markov local times and permanental processes we obtain a general suffi- 

Q\ | cient condition for the joint continuity of the local times. We show that 

VO ■ for certain Markov processes the associated permanental process is equal 

^"} | in distribution to the loop soup local time. 

in 

o, 

1 Introduction 

Let T be an index set and {G(x),x £ T} be a mean zero Gaussian process with 
covariance u(x,y), x,y £ T. It is remarkable that for certain Gaussian pro- 
i— i ' cesses, called associated processes, the process G 2 = {G 2 (x),x G T} is closely 

related to the local times of a strongly symmetric Borel right process with 
zero potential density u(x,y). This connection was first noted in the Dynkin 
Isomorphism Theorem [5j [6] and has been studied by several probabilists in- 
cluding the authors and N. Eisenbaum and H. Kaspi. Our book |24j presents 
several results about local times that are obtained using this relationship. 
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The process G 2 can be denned by the Laplace transform of its finite joint 
distributions 

4 xp HI> G2(ii) )) = 7T^ <u) 

for all x\,...,x n in T, where where / is the n x n identity matrix, a is the 
diagonal matrix with (a^ = Oj), a.{ G R+ and C7 = {u(xj,xj)} is an n x n 
matrix, that is symmetric and positive definite. 

In 1997, D. Vere-Jones, [30], introduced the permanental process 9 := 
{9 x ,x G T}, which is a real valued positive stochastic process with finite joint 
distributions that satisfy 

where T = {r(xj,Xj)}f =1 is an n x n matrix and /3 > 0. (It would be 
better to refer to 9 as a /3-permanental process.) In most of this paper, in 
analogy with (|1.1|) . we consider these processes only for /3 = 1/2 and refer to 
them as permanental processes. The generalization here is that V need not be 
symmetric or positive definite. In Section [8] we consider the general class of 
/3-permanental processes. 

Even in (II. ip the matrix U is not unique. The determinant 

\I + aU\ = | J + aMUM\ (1.3) 

for any signature matrix M. (A signature matrix is a diagonal matrix with 
entries ±1.) 

The non- uniqueness is even more evident in (|1.2j) . If D is any diagonal 
matrix with non-zero entries we have 

\I + aT\ = \I + aD- 1 TD\ = \I + aD- l T T D\. (1.4) 

For a very large class of irreducible matrices T, it is known that these are 
the only sources of non-uniqueness; see [18J. On the other hand, in certain 
extreme cases, for example, if I?i and T2 are n x n matrices with the same 
diagonal elements and all zeros below the diagonal, then |/ + aTi| = | i" + aT^ | . 
For this reason we refer to a matrix T for which (jl.2p holds as a kernel of 0, 
(rather than as the kernel of 9). 

When r is not symmetric and positive definite, it is not at all clear what 
kernels T allow an expression of the form (|1.2|) . (In [30] necessary and sufficient 
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conditions on T for (jl.2p to hold are given but they are very difficult to verify. 
There are very few concrete examples of permanental processes in |30j.) 

It follows from the results in |30| that a sufficient condition for (|1.2p to hold 
is that all the real non-zero eigenvalues of T are positive and that rT(/ + rT) _1 
has only non-negative entries for all r > 0. In [8], Eisenbaum and Kaspi note 
that this is the case when T(x,y), x,y £ T, is the potential density of a 
transient Markov process on T. This enables them to find a Dynkin type 
isomorphism for the local times of Markov processes that are not necessarily 
symmetric, in which the role of G 2 is taken by the permanental process 9. 

Both Eisenbaum and Kaspi have asked us if we could find necessary and 
sufficient conditions for the continuity and boundedness of permanental pro- 
cesses. In this paper we give a sufficient condition for the continuity of per- 
manental processes. When applied to the subclass of permanental processes 
which consists of squares of Gaussian processes, it is, effectively, the sufficient 
condition for continuity which is also known to be necessary. We use our 
sufficient condition for the continuity of permanental processes and an iso- 
morphism theorem for permanental processes given by Eisenbaum and Kaspi 
in [HI Theorem 3.2], to extend a sufficient condition they obtain in [TJ Theorem 
1.1] for the continuity of local times of Markov processes, to a larger class of 
Markov processes. 

In Section [3] we review several properties of permanental processes. In 
particular, a key property of permanental processes is that Y{x,x) > and 

< r(x, y)T(y, x) < T(x, x)T(y, y), \/x, y G T. (1.5) 

This allows us to define 

d(x, y) = 4^2/3 (t(x, x) + T(y, y) - 2 (T(z, y)T(y, x)) 1/2 ) * * . (1.6) 

Let D = sup st£T d(s,t). D is called the d diameter of T. We say that T 
is separable for d, if there exists a countable subset T" C T, such that for any 
s € T and u > 0, there is a t G T" with d(s, t) < u. 

Let (T, p) be a separable metric or pseudometric space. Let B p (t, u) denote 
the closed ball in (T, p) with radius u and center t. For any probability measure 
/i on (T, p) we define 

Jt, p ,h (a) = sup / (log ) du. (1.7) 

We occasionally omit some of the subscripts T, p or p, if they are clear from 
the context. 
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In general, d(x, y) is not a metric or pseudometric on T. Nevertheless, we 
can still define the sets B d (s,u) = {t £ T\ d(s,t) < u}. We can then define 
JT,d,ii(o) as i n (|l-7p . for any probability measure \x on B(T,d), the cr-algebra 
generated by the sets B d (s,u). 

Theorem 1.1 Let 9 = {9 X : x G T} be a permanental process with kernel T 
satisfying sup x€T T(x,x) < oo. Let D denote the d diameter of T and assume 
that T is separable for d, and that there exists a probability measure /j, on 
B(T, d) such that 

J d {D) < oo. (1.8) 

Then there exists a version 9' = {9' x ,x G T} of 9 which is bounded almost 
surely. 



If 



lhnJ d (5) = 0, (1.9) 



there exists a version 9' = {9' x ,x G T} of 9 such that 



d(s,t)<8 

If $1.9\) holds and 



lim sup \9' s (tu) -9' t (uj)\ = 0, a.s. (1.10) 

<5->0 s , teT 



then 



\9' — 9'\ f \ ^ 2 

lim sup - , f . -— — < 30 [ sup^' ) a.s. (1-12) 

s^o S J T J d (d(s,t)/2) ~ VxeT V V ^ 

d(s,t)<8 



Let 



N 2N X /2 



d e (x,y) = (E{6 x -e y y) . (1.13) 



It follows from Lemma 15.21 that (jl.lOp implies that 9' = {9 x ,x € T} is almost 
surely continuous on (T,dg). However, we prefer to state our basic result as 
(jl.lOp and explore its implications in the next two corollaries. 

Corollary 1.1 Let T be a separable topological space and let 9 = {9 X : x £ T} 
be a permanental process with kernel T, with sup xe ' r r(x,x) < oo. Assume 
that d(x, y) is continuous onT xT and that there exists a probability measure 
H onT such that hi. 9^ holds. Then there exists a version 9' = {9 X : x G T} of 
9 that is continuous almost surely. 
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We show in Lemma 13.21 that when 9 is continuous on T almost surely, 
then d(x, y) is continuous on T x T. Therefore, the condition that d(x, y) is 
continuous on T x T in Corollary I \.\\ is perfectly reasonable. 

We say that a metric or pseudometric d\ dominates d on T if 

d(x,y)<d 1 (x,y), Wx,yeT. (1.14) 

In the Section [5] we give several natural metrics that dominate d. 

Corollary 1.2 Let 9 = {9 X : x £ T} be a permanental process with kernel 
T satisfying sup x T(x,x) < oo. Let d be given by M.6\) and let d\(x,y) be a 
metric or pseudo-metric on T that dominates d(x,y) and is such that (T,d\) 
is separable and has finite diameter D. If there exists a probability measure \i 
on (T,d\) such that 

J dl (D)<oo, (1.15) 

then there exists a version 0' = {8' x ,x € T} of 9 which is bounded almost 
surely. 

If 

lim,J dl (5)=0, (1.16) 

there exists a version 9' of 9 which is uniformly continuous on (T,dx), almost 
surely. 



If H.16\) holds and 



, im :Ml = 00) (i.i7) 



5^0 



then 



\9' — 9'\ / \ !/ 2 

lim sup - ' ; f . * ' < 30 ( sup 9' a.s. (1.18) 

di(s,t)<6 

Other useful inequalities for permanental processes are given in Section [3l 
(see, in particular, Lemma [3^]) . 

In Section [J] we give a version of f)1.18j) for \9' s — 9' t \ for fixed to £ Tj which 
provides a local modulus of continuity for permanental processes. 

Let X = (Q,Xt,P x ) be a transient Borel right process with state space 
S and 0-potential density u(x,y). We assume that S is a locally compact 
topological space, and that u(x, y) is continuous. This guarantees that X has 
local times. (See e.g. |244 Theorem 3.6.3].) It is shown in [8, Theorem 3.1] 
that there exists a permanental process 9 = {9 y ; y G S}, with kernel u(x,y), 
which they refer to as the permanental process associated with X. 
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In [HJ Theorem 3.2] an isomorphism theorem is given that relates the local 
times of X and 9. In the next theorem we use this isomorphism together with 
Theorem 11.11 in this paper, to obtain a sufficient condition for the joint con- 
tinuity of the local times of X. When applied to strongly symmetric Markov 
processes, we obtain the sufficient condition for joint continuity, that is known 
to be necessary; see [24, Theorem 9.4.11]. Applied to Levy processes, which 
need not be symmetric, we also obtain the sufficient condition for the joint 
continuity of local times, that is known to be necessary; see [2]. 

As usual, we use Q to denote the death time of X. 

Theorem 1.2 Let S be a locally compact topological space with a countable 
base. Let X = (Q,Xt,P x ) be a recurrent Borel right process with state space S 
and continuous, strictly positive 1-potential densities ^{x^y). Define d(x,y) 
as in &1.6\) for the kernel v}{x, y). Suppose that for every compact set K C S, 
we can find a probability measure fix on K , such that 

)imJ KAm (6) = Q, (1.19) 

then X has a jointly continuous local time {V( ; (y,t) £ S x R+}. 

Let X be a transient Borel right process with state space S and continuous, 
strictly positive ^-potential densities u(x,y). Lf ( li. 19\) holds for every compact 
set K C S, with d(x, y) defined as in lil.6\) for the kernel u{x, y), X has a local 
time {L y t ; (y,t) E S x R + } which is jointly continuous on S x [0,C). 

Note that Theorem 11.21 gives continuity on S x R + for recurrent processes. 
For transient processes it only gives continuity onSx [0, C). As pointed out 
in [TJ, if X is transient, by an argument due to Le Jan we can always find a 
recurrent process Y such that X is Y killed the first time it hits the cemetery 
state A. Of course, this changes the potentials, see [H (78.5)], and hence the 
condition (|1.19p . We leave it to the interested reader to work out the details. 

It is interesting to place Theorem 11.21 in the history of results on the joint 
continuity of local times of Markov processes. A good discussion is given in [7]. 
We make a few comments here. In [2] Barlow gives necessary and sufficient 
condition for the joint continuity of local times of Levy processes. Local times 
are difficult to work with. He works hard to obtain many of their properties. In 
|22j we use the Dynkin Isomorphism Theorem (DIT) to obtain necessary and 
sufficient condition for the joint continuity of local times of strongly symmetric 
Borel right processes, which, obviously, includes symmetric Levy processes. 
Using the DIT enables us to infer properties of local times from those of 
Gaussian processes. These processes are well understood and easier to work 
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with than local times. Although the results in [22] only give the results in [2] 
for symmetric Levy processes, they apply to a much larger class of symmetric 
Markov processes. 

In [7j, Eisenbaum and Kaspi extend Barlow's approach to obtain sufficient 
conditions for the joint continuity of local times of a large class of recurrent 
Borel right processes and also give a modulus of continuity for the local times. 
In Theorem ll.2l using a proof similar to the one in [22], we use Eisenbaum and 
Kaspi's isomorphism theorem for permanental processes |8 S Theorem 3.2], to 
extend their results in [7J. (In [7J, they require the existence of a Borel right 
dual process. This is not needed in Theorem 11.21 In Section [7J we show how 
to obtain [H Theorem 3.2] from Theorem 11.21 ) 

We also obtain results about the boundedness of local times, and when 
they are continuous, about their uniform modulus of continuity. 

Theorem 1.3 Let S be a locally compact topological space with a countable 
base. Let X = (£l,Xt,P x ) be a Borel right process with continuous, strictly 
positive 1-potential density v}{x, y). Let {L v , (t, y) G S x R + } be the local time 
of X and define d(x,y) as in M.6\) for the kernel u 1 (x,y). 

Let C be a countable subset of S. If Jq du c {D) < oo for some probability 
measure [ic on C and some D > 0, then 

supL^<oo (1.20) 

ydC 

almost surely, for each t < (. 

Let K C S be compact. Let d\ be a continuous metric or pseudo-metric 
that dominates d on K x K. If for some probability measure \ik on K 

lim J K4ullK (5) = 0, and lim Jg ^^ = oo (1.21) 

then 

lim sup ! * ~ w n ( L22 ) 

<^o x, y eK Jftr ) d 1)Mif (ai(x,y)/2) 

di(x,y)<5 

< 30 sup(L y t ) 1/2 for almost all t G [0, C) a.s. 

ydK 

A local modulus of continuity for local times is given in Theorem 16.21 

In [161 Theorem 9] Le Jan shows that squares of certain associated Gaus- 
sian processes, labled G 2 in the first paragraph of this section, are equal in 
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distribution to the occupation fields of Poissonian ensembles of Markov loops, 
also called 'loop soup local times'. We explain this in detail in Section [HJ As 
we know, G 2 is a permanental process with a symmetric kernel. In Theorem 
18.11 we extend Le Jan's result to a large class of associated permanental pro- 
cesses. Thus we can identify permanental processes as processes that have 
already received attention in other contexts, (see [21])) and use Theorem 1 1.1| 
Corollary 11.11 and Corollary 11.21 to obtain sufficient conditions for the almost 
sure continuity and moduli of continuity for loop soup local times. 

2 Some basic continuity theorems 

For p > 1, let ip p (x) = exp(x p ) — 1 and L^' P (Q,, J 7 , P) denote the set of random 
variables £ : 9, -> R 1 such that Eip p (|£|/c) < oo for some c> 0. L^(il, F, P) 
is a Banach space with norm given by 

||£||^=inf{ C >0:^ p (|e|/c)<l}. (2.1) 

We shall only be concerned with the cases p = 1 and 2. 

We obtain Theorem 11.11 with the help of the following basic continuity the- 
orems. They are, essentially, best possible sufficient conditions for continuity 
and boundedness of Gaussian process. However, it is well known that they 
hold for any stochastic process satisfying certain conditions with respect to 
the Banach space L^ 2 . 



Theorem 2.1 Let X = {X(t) : t G T} be a stochastic process such that 
X(t,u) : T X fi h-> [— oo, oo] is A x T measurable for some a-algebra A on T . 
Suppose X(t) 6 L^{VL,F,P) and let 

d(t,s):=\\X(t)-X(s)\\i P2 . (2.2) 

(Note that the balls Bs(s, u) are A measurable). 

Suppose that (T, d) has finite diameter D, and that there exists a probability 
measure fi on (T,A) such that 

J A {D) < oo. (2.3) 

Then there exists a version X' = {X'(t),t £ T} of X such that 

EsupX'(t)<CJ d (D), (2.4) 
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for some C < oo. Furthermore for all < 5 < D, 



sup \X'(s,u) - X'(t,ij)\ < 2Z(lo) Jj(8), (2.5) 

s,t£T 

d(s,t)<8 

almost surely, where 

Z{uj) := inf J a > : / rb 2 { a ' l \X(t, w)|) /z(di) < 1 1 (2.6) 

and 1 1 Z 1 1 ^ — K> where K is a constant. 
In particular, if 

lim J*(8) = 0, (2.7) 

X' is uniformly continuous on (T, d) almost surely. 

Remark 2.1 Theorem 12.11 is well known. It contains ideas that originated 
in an important early paper by Garcia, Rodemich and Rumsey Jr., [11] and 
were developed further by Preston, [261 [27] an d Fernique, [9]. We present a 
generalization of it in |25(. Theorem 3.1]. Unfortunately, the statement of [251 
Theorem 3.1] makes it appear that (J2.7)) . in this paper, is required for (J2.5I) . in 
this paper, to hold. This is not the case as one can see from going through the 
proof of [25, Theorem 3.1]. However, an easier way to see that (|2.5p . in this 
paper, holds is to note that it follows immediately from [241 Theorem 6.3.3]. 
Again, unfortunately, the hypothesis of [24^ Theorem 6.3.3] requires that X is 
a Gaussian process. A reading of the proof shows that it actually only requires 
that X(t) e L^(n,P) and \\X(t) - A(s)||^ 2 < d(s,t) for all s,teT. 

It is easy to see that the results of Theorem 12.11 hold if (|2.2p is replaced by 

\\X(t)-X( S )\\^<d(t,s) s,t€T, (2.8) 

for a general symmetric function d(t,s), if we assume that B^(s,u) =: {t G 
T\d(s,t) < u},(s,u) £ T x R + , are A measurable. To see this, note that 
X(t) G L^ 2 (p,,J^,P) implies that p(s,t) := \\X(t) - A(s)||^ 2 exists. Conse- 
quently, Theorem 12.11 gives (j2.3|) (|2.7j) with d replaced by p. Using (|2.8|) it is 
easy to see that this implies that they hold as stated. 



The inequality in (|2.5p is not quite enough to give a best possible uniform 
modulus of continuity for X' . Instead we use the following lemma due to B. 
Heinkel, |13|. Proposition 1]. 
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Lemma 2.1 Let (T,d), be a metric or pseudo-metric space with finite diame- 
ter D and \x be a probability measure on T with the property that /j,(B<:(t, u)) > 



for all u,t G T, u ^ t. Assume that p?. 7[ ) holds. Let {f(t),t G T} be contin- 
uous on (T, d) and set 



/(«.*) = i, .r w^,W^)- ( 2 -9) 



/(*) - /(*) 
d(s,t 

Then if 



JTxT 

we have that for all x,y £ T 

r d(x,y)/2 ( ( t( 7 ) + 1 \\ 1/2 

l/W-ZWI^Oeup/ ^^-^jj ,, (2.11) 

Corollary 2.1 Under the hypotheses of Lemma \2.1\ assume further that 

lim J^l = oo. (2.12) 

Thcfi 

lim sup l/(x) - /( ^ < 30. (2.13) 

<5^o ^ eT J d (d(x,y)/2) 

d(x,y)<8 

Proof This follows immediately from (|2.1ip and (|2.12p once we note that 
the second line of (|2.1ip 

< 10 d(x,y) (log (c^ T {f) + l)) 1 i + 30J i (d(x,y)/2). (2.14) 

n 

The above proof as well as the proof of Theorem 12.21 follows ideas in [H 
pages 30 and 31]. 



Theorem 2.2 Under the hypotheses of Theorem \2.1\ assume that {2.1) and 



\2.12\) hold. Then there exists a version X' = {X'(t),t G T} of X such that 

\X'(s)-X'(t)\ 

lim sup y -4 — < 30 a.s. (2.15) 

t^o , iter J d (d(s,t)/2) 

d(s,t)<8 
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Proof By Theorem 12. II we can assume that X = {X(t),t £ T} is continuous 
on (T,d) almost surely. Define X as in ()2.9p . Note that by Fubini's Theorem 

e( [ i> 2 (X(s,t))dn(s)d»(t)) (2.16) 



TxT 



Consequently 



^'L^ffe^**^'- 1 - 



ip 2 (X(s,t)) dfj,(s) dn(t) <oo a.s. (2.17) 

TxT 



Let f2' be the set of measure 1 in the probability space for which this is finite 
and for which X(t, oj) is continuous. For each wed' 



c^ T {X)= ifa{X(8,t,u))dn(s)dn(t) <oo. (2.18) 

JTxT 

Therefore, we can apply Lemma [2. II and Corollary 12. II to X(t,cj) to get ()2.15[) 
for X'(t,uj). We do this for all u G 0,' to get (12.151) as stated. n 

We get a similar result for the local modulus of continuity but it is more 
delicate. We take this up in Section [U 

3 Proof of Theorem 11.11 

We begin with some observations about permanental processes. It is noted 
in [30], and immediately obvious from (|1.2p . that the univariate marginals 
of a permanental process are squares of normal random variables. A key 
observation used in the proof of Theorem II. 1| which also follows from (|1.2p , is 
that the bivariate marginals of a permanental process are squares of bivariate 
normal random variables. We proceed to explain this. 
For n = 2, (|1.2p takes the form 

1 

2 
1 



E[exp[--(a 1 6 x + a20y))) (3.1) 

(1 +aiT(x,x) + a 2 T(y,y) 



\I + aT\ 1 / 2 
+Qia 2 (T(x,x)T(y,y) - T(x,y)T(y,x))y 1/2 
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Taking ct\ = 02 sufficiently large, this implies that 

T(x, x)T(y, y) - T(x, y)T(y, x) > 0. (3.2) 

If we set Q2 = in (|3.1|) we see that for any x £ T 

T(x,x)>0. (3.3) 

In addition, by [301 P- 135, last line], for any pair x,y G T 

T(x,y)T(y,x)>0. (3.4) 

It follows from (|3.2|) - (|3.4|) that for any pair x,y £ T, the matrix 

T(x,x) (T(x,y)T(y,x)) 1/2 

(r(x,y)T(y,x)) 1/2 T(y,y) 

is positive definite, so that we can construct a mean zero Gaussian vector 
{G(x),G(y)} with covariance matrix 

E (G(x)G(y)) = (r(x, y)T(y, x)) 1/2 . (3.5) 

Note that 



defined in (11.6 



(E(G(x) - G(y)ff 2 = ^d(x,y), (3.6) 



Lemma 3.1 Suppose that 9 := {6 x ,x £ T} is a permanental process for T as 
given in ftl.2\) . Then for any pair x,y, 

{6 x ,e y }^{G 2 (x),G 2 (y)} (3.7) 

where {G(x),G(y)} is a mean zero Gaussian random variable with covariance 
matrix given by &3.5\) . 

Proof By (I3.ip the Laplace transform of {0 x ,9 y } is the same as the Laplace 
transform of {G 2 (x) , G 2 (y)} . n 



Lemma 3.2 When 6 is continuous on T almost surely, d(x,y) is continuous 
onT x T. 
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Proof By Lemma [3TT1 

E(9 x )=T(x,x) and cov{6 x ,e y } = 2T(x,y)T(y,x). (3.8) 

In addition, since the univariate marginals of 6 are the squares of Gaussian 
random variables, 9 X and 6 y are locally uniformly bounded in any IP space. □ 

The next lemma is the critical ingredient in the proof of Theorem 11.11 

Lemma 3.3 Let 8 := {8 x ,x E T} be a permanental process with kernel T. 
Then for all x,y G T and < A < oo 



P\{x,y) :-- 



A A y A A 



AV2 \i/2 



< d(x,y). 



(3.9) 



Proof By Lemma 13.11 it suffices to show this with {8 x ,9 y } replaced by 
{G 2 {x),G 2 {y)}. We have 



(3.10) 



G 2 (x)AA G 2 (y)A\ 

~>oT 2 a 1 / 2 " - 

= -^\\G(x)\ A X 1 ' 2 - \G(y)\ A A 1 / 2 ] || G(x) | A x 1 ' 2 + \G(y)\ A A 1 / 2 

<2\\G(x)\ A A 1 / 2 - ICC?/)) A A 1 / 2 ) 
<2||G(x)|-|G(y)|| 

<2\G(x)-G(y)\. 

Consequently, it follows from (|3.6p that 

G 2 (x)A\-G 2 (y)A\ ^ G(x)-G(y) 



2X 1 / 2 d(x,y) 



< 



02 



d(x,y) 



^3/2 



ipi 



VU 2 = 1/2. 



(3.11) 
D 



The proof of Theorem ll.ll depends on the estimates in the following lemma. 



Lemma 3.4 Under the hypotheses of Theorem \l.l\ assume that il.8\) holds. 
Then there exists a version 6' = {0' x ,x £ T} of 6 such that for any xq G T 

|| sup ^ <A\\e' X0 \\^+cLvL V T(x,x))j 2 d (D), (3.12) 

x£T \xeT J 
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where C is a constant. 

Furthermore, there exists a version 9' = {0' x ,x G T} of 9 such that for any 

x eT 

sup \9' s (uo) - 9[{uj)\ <4[sup9 x ] Z{uj)J d {5) a.s., (3.13) 

d(s,t)<8 

where \\Z\\^ 3 < K, for some constant K. 

Proof of Lemma 13.41 By hypothesis T is separable for d. Therefore, it 
follows from Lemma 15.41 that (T,dg) is a separable metric or pseudometric 
space, and that B(T,d) = B(T,dg), the Borel cr-algebra for (T,dg). By j3j 
Theorem 2] we may assume that 9 = {9 x ,x G T} is measurable and separable 
with respect to (T, do). (But for this assumption we must allow 9 X to take the 
value oo). More explicitly, measurability means that 9 x {uj) : T x f2 i— > [0,oo] is 
B(T,dg) x T measurable and separability means that we can find a countable 
subset T" of T and a P-null set TV G T such that for all us £ N and x G T — T" , 
0a:(u;) = lim^^^^o^^). 

I/6T' 

Set 

n(*) = ^T» x E T. (3.14) 

By Lemma 13.31 

Px(x,y) = \\Y x (x)-Y x (y)\\^ 2 < d(x,y). (3.15) 

Note also that 

lfl, ) _«.AA)-_ftAA)M.AA) s ^_ (V (3 . 16) 



We now consider 

-2/ 



Z A (w) := inf{a > : / fexp (^^) - l] m(^) < 1} 



and 



(3.17) 
(3.18) 



Z(u>) := inf{o > : / ( exp ( -| J - 1 J ^t(tfe) < 1}. 
It follows from (|3. 16[) that 

Z\ <Z, VA > 0. (3.19) 
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Following the argument in [231 page 258] we see that for all u > and 

P(Z > u) < 2~ P E ( J exp ( ?-± J ii(dt)) . (3.20) 

Let T* := sup x T(x,x). By Lemma |3"TT| for any p < u 2 /(2T*), 

E fexp (>*)) _ E (exp (£*2>)) < (1 - *r>/.>)-W. (3.2!) 



W J J \ \ w 

Using this in (|3.20p we see that 

P(Z >u)< 2" p (l - 2pT*/u 2 )~ 1/2 . (3.22) 

For u > \/T*(2 + l/log2) 1 ' 2 , this last term is minimized by p = u 2 /(2F*) — 
1/(2 log 2). Thus we see that for u > VT*(2 + l/log2) 1 / 2 

P(Z >u)<(e log 2) 1/2 (u/VT*] 2-" 2 / 2r * . (3.23) 

Let /3 = 2 + 1/ log 2. It follows from (ET23J) that for p > 1 

J B(Z 2 P) < / P{Z>u)d{u 2p ) (3.24) 

/oo 
^= 2~« 2 / 2r * d(n 2 ^) 

/•oo 

= (f3T*) p + (elog2)^ 2 (T*) p v 2~ v " / 2 d(v 2p ) 

JVW 

1/9 

< (/3r*) p + 2(eV2^1og2) p{T*) p E ( V 2p ) 

< Cp(T*) p E ( V 2p ) < E ((2CT*r] 2 ) p ) , 

where r/ is N(0, 1) and C is a constant. 

For later use we note that (|3.24p implies that 

\\Z 2 \\ i , 1 <C'T*, (3.25) 

for some absolute constant C". 

It follows from (|3.15p and (jl.8p that we can apply Theorem 12.11 with X = 
Y\, A = B(T,dg) and d = p\. Let T" be a separability set for 9. By (|2.5p . 
(J3.15P and (|3.19p . we see that for any fixed A and any xq £ T' 

sup \Y x (x,v) - Y x (x ,cv)\ < 2Z(oj)J Px (D) < 2Z(oj)J d (D), a.s. 

(3.26) 
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By (gJUl , for any fixed A 

sup \0 x (u) A A| < 6^ H A A + 2X 1/2 Z(cj)J d (D) a.s. (3.27) 

EST" 

Let t!a = W '■ su PxeT' 1^(^)1 > ^}- For all w € j4a 

A < 0,,, (w) + 2X 1 / 2 Z(uj)J d (D). (3.28) 

Barlow points out in [U page 31], that when A 2 < A + XB, then A 2 < 2A + B 2 . 
Therefore, for all co £ A\, 

A < 29 X0 {uj) + 4(Z(w) Jdp)) 2 . (3.29) 

This shows that 

P f sup a > A J < P (4^ > A) + P (8(Z(oj)J d (D)) 2 > A) . (3.30) 

Using the formula E\X\* = / °° P(|X| > u) d(X p ), we obtain 

e( supe?) <E((4e xo r) + E{8J 2 (D)Z 2 ) p . (3.31) 

VreT' / 

Therefore 

|| sup^l^ < 411^11^ +8J d 2 (£>)||Z 2 || v , 1 . (3.32) 

ccGT 

Using (J3.25P and separability we get f|3.12j) . 

We return to (12. 5p and now use it together with (I3.15J) and (I3.19|) to see 
that after restricting to T", for any A > 

sup \6 x (u) AX-9 y (u) AA| < 2A 1 / 2 Z(o;) J d (5), a.s. (3.33) 

x,yST' 

Using (J3.15P again we see that 

sup \8 x (u)/\\-9 y (u)A\\ < 2X 1,2 Z(uj) J d {5), all rational A, a.s. (3.34) 

x,yeT> 

d(x,y)<8 

Let O' be the set on which (|3.34|) holds. For a given uj € C, choose A to be 
some rational number satisfying sup X&T 9' x {uj) < X < 2sup x£T 9 x (uj). Doing 
this for all u G Q' we get 

sup \9 x {uj) -9 y {oj)\ < 4( sup^H) Z{uj)J d {5) a.s. (3.35) 

x,yeT' ' \xdT' J 

d(x,y)<S 
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To obtain (|3.13p it suffices to show that for any x, y £ T we can find sequences 
x n ,y n G T' such that d(x n ,y n ) -)■ d(x,y) and for all oj <£ N, lim^oo 9 Xn (u) = 
9 x {uj) and limn._j.oo 9 Vn (w) = 9 y (uj). To this end we first choose sequences 
XniVn £ 2"" such that dQ{x n ,x) — > and de(y n ,y) — > 0. Using separability we 
see that for all uj ^ N, lim n ^ OQ 9 Xn (uj) = 9 x (uj) and lim n _ >00 9 yn (cj) = ^y(w) 
and by Lemma 15.31 and ()5.6[) and ()5.2[) , 

\d(x n ,y n ) - d(x,y)\ (3.36) 

< |d(i n ,2/„) -d(x n ,y)| + \d(x n ,y) -d(x,y)\ 

< C (d l J 4 {y n , y) + dl /A (x n , xfj -»• 

as dg(x n ,x) — > and dg(y n ,y) — > 0. n 

Proof of Theorem 11.11 Since both random variables on the right-hand side 
of (|3.13p are finite almost surely we see that (|1.9p implies (|1.1U|) . To obtain 
(|1.12p we use (|3.15p and the hypotheses of this theorem we get (J2.15P with X' 
replaced by Y\ and T replaced by T". We complete the proof as we did in the 
previous paragraph. D 

Proof of Corollary 11.21 We proceed exactly as in the proof of Theorem ll.il 
except that now, we replace (T, d) by (T, d±), and by (|1.14p . in place of (|3.15|) 
we have 

p x {x,y) = \\Y x {x)-Y x (y)\\ f2 < d x {x,y). (3.37) 

□ 



4 Local moduli of continuity 

In this section we give a basic theorem for moduli of continuity of processes 
in L^ 2 in the spirit of Section [2] and apply it to permanental processes, as we 
do for the uniform modulus of continuity in Section [3j 

Lemma 4.1 Let (T,d) be a separable metric or pseudometric space with finite 
diameter D. Suppose that there exists a probability measure \i on (T,d) such 
that J T( i u (D) < oo. 

For any to 6 T and 6 > 0, let T$ := {s : d(s,to) < 5/2}. Suppose 
< 5 < 5q < D which implies that T$ < To . Consider the probability measures 
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Hs{ • ) •= m( ' ^Tg) / fj,(Tg) , < 5 < 5o and assume that c^ St T s (f) < oo, /or each 
< 5 < 6q; (see &2. 1 0\) for the definition of Cu s> t s )- Then 

sup \f(s) - f(t )\ < 20 sup f' A (log r^f'V} \l )) du. (4.1) 
t^^mi ten Jo \ \ vi(B- At,u)) ) 



d(s,t )<5/2 



Proof The condition that J T ? (L>) < oo implies that ju(Bi(i, u)) > for 
all u,t £ T, u ^ t. Since T^ is open for every t £ Tg there exists a ball say 
B'~(t,u) C 2#. Consequently 

fi(B'Jt,u)) 
Hg{BL{t,u))= \f Ts) >0 (4.2) 

for all u,t £ T, u ^ t. Therefore, (|4.1[) follows from Lemma |2. 11 n 



Corollary 4.1 Lei 

= *(log( C/ ^(7) + 1)) 1/2 + sup / ' (log ( \ )) du 

Under the hypotheses of Lemma \4-l\ 

hm sup — < 30 a.s. (4.4) 

5 ^° d(s,t )<8/2 H T d ,d,n s ,s(f) 

Theorem 4.1 Under the hypotheses of Theorem \2.1\ assume that {2.1) holds. 
Define fig and Tg as in Lemma \4-l\ Then 



\X'(s)-X'(to)\ , s 

lim sup — ^ < 30 a.s. (4.5) 

s ^° d(s,t )<6/2 H T S! d, m g( X ) 

Example 4.1 Theorem 14.11 seems very abstract. We show here how it gives 
the familiar iterated logarithm behavior for fairly regular processes on nice 
spaces. 

To begin let us consider the first term on the right-hand side of (|4.3p . 
with / replaced by X. It is simply bounded by a constant times 5 unless 
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Km sup^g c li&,t s {X) = oo on a set of positive measure. Let us assume this is 
the case. As in (|2.16p . Ec^ s .t s (X) = 1. Therefore, for e > 0, 

p(log W ,(X)>(l + e)u) < p(c, 6tTs (X)>e^ u ) (4.6) 

< e -(l"N)«. 

It follows from the Borel-Cantelli Lemma that for all j3 < 1 

log c u u T u (X) 

hmsu P — i — i — i /flfe - L ( 4J 

fc^oo loglogl//3 fe 

We would like to extend this to get 

Mmsuptaafi^G ,4.8) 

5^0 ^(loglogl/d) 1 /^ 

Note that for j3 k+l < 5 < f3 k 

W S {X) = -Trr-J MX)dn(s)dn(t) (4.9) 

< ^4tt / MX)dn{s)dn{t) 

V V^5j JT ?k xT ?k 

< J^± r (X) 
- M 2 (T^+i)% fc 'V l j " 

Consequently, if 

limsup ^\ <C, (4.10) 

we can use (|4"7f|) to get ([4~8|) . 

We now make many regularity assumptions. Take T to be the unit interval 
in R . Assume that 

d(s,t ) = (j>(\s-to\), for 0<|s-t | <^o, (4.11) 

for some 5q > 0, and some continuous increasing function <f). Now take /x to 
be Lebesgue measure. In this case 

f i(T s ) = 4>- 1 (S/2), (4.12) 
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so that, for example, (|4.10p holds if <f> is regularly varying. In addition, it 
follows from [24, (7.94)], that the second term on the right-hand side of ()4.3p . 
with / replaced by X is bounded by a constant times 

*+/'««,„. (4 , 3) 

Jo u(log2/u) 1 / 2 

Note that under (|4.1ip we can replace d(s,to) < 5/2 in (|4.5p by \s — t \ < 
4>~ l {5/2). Then, replacing cj)~ 1 (5/2) by 5' and making a change of variables, 
as in [24, (7.96)], and using (|4TSj) we get 

lim sup ix'w-x'm < c as (414) 

«'->°| s -t |<<5' H(5>) 

where 

H{5) = 0(5)(loglogl/ ( A( ( 5/2)) 1/2 + f ( ^\ ll2 du. (4.15) 

By [2H (7.128)], if 4> is regularly varying, 

lim — -^ = 1 (4 16) 

H^Xloglogl/^/s X - ^^ 

In the same vein, under (|4.1U|) and the assumption that 4> is regularly 
varying, it follows from (|2.2p and the material in [241 pages 298 and 299] that 

l im sup ¥M ~ 5 (*)l < C a.s. (4.17) 

*-.o | a _ t ^0(<J) (log 1/(J)V2 " l ; 

We have the following results for the local moduli of continuity of perma- 
nental processes. 

Theorem 4.2 Under the hypotheses of Theorem \1.1\ assume that $1.9j) and 
!i4-10\ ) hold. Then if 6 to ^ almost surely there exists a version 0' = {0' x ,x G 



T} such that 



v a' 



lim sup ^^ t -^—<Cel( 2 a.s. (4.18) 

^ d(s,to)<5/2H Ts , d ^(S/4) ~ i0 



where 

HT 5 A^^)--=^og\ogl/5) 1 l 2 + J Tstd ^{5/A). (4.19) 
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(See Lemma \4-l\ for the definitions of other terms.) 

If 0*o — there exists a version 9' = {9' x ,x G T} such that 

9' 
lim sup — s - rr < C a.s. (4.20) 

6 -+°i(.,to)<5/2(B Tt>dilll W)) 

Proof By (|3.15|) and the hypotheses of this theorem we get (|4.5p with X' 
replaced by Y^ and H T £ $ replaced by Ht s ^ s {5/4). As we do at the end 
of the proof of Lemma [3, 4\ for a given w £ 0, we choose A to be some rational 
number satisfying snp xeBd{t0tSI) 9' x (u) < A < 2sup !BgB<|(t0| j/)6^(w) for some 
5' > 0. Doing this for all uj G we get 

\9' — 9' I 

lim sup =J-^ t -^— < C sup {9' x ) l/2 a.s.. (4.21) 

5 ~*° d(s,t )<6/2 H T s ,d,M i 6 / 4 ) x&B d (t ,S>) 

Since this holds for all 5' > we get (|4.18|) . To get (|4.20p we simply note that 
when 9t = 

' <9l /2 AA 1/2 . (4.22) 



9 S A A 6» <0 A A 9 S A A 



A l/2 A l/2 A l/2 

In this case, instead of (|4.2ip we get 



lim sup _ V s) < C a.s. (4.23) 

*-*d(.,to)<ty2#T,,d, W (ty 4 ) 



n 



Remark 4.1 Note that if is the square of Gaussian process, HT S: d :l _i S { ■ ) is 
equivalent to the correct local modulus of continuity of the Gaussian process. 

5 Dominating metrics for permanental processes 

We exhibit several interesting metrics and other functions that dominate d or 
are even equivalent to d. (d\ is equivalent to d, [d w d\ ) if there exist constants 
< c\ < C2 < oo such that c\d < d\ < C2<i.) Note that for C ^ 

J T ,caA a ) = CJ T ,dA a /C). (5.1) 

Therefore, multiplying a metric or related function by a constant alters our 
results in an acceptable way. 
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We consider several scenarios. To simplify the exposition we work with 

1/2 



d(x, y) := d(x, y)/4y/2/3 = (v(x, x) + T{y, y) - 2 (T(x, y)T{y, x)) 1/2 ) 

(5.2) 

1. The kernel T is symmetric and positive definite. This is the 
classical case in which the permanental process is the square of a Gaussian 
process and the kernel is the covariance matrix of a Gaussian process, say 
G = {G(x),x £ T}, which when squared is equal to the permanental process. 
Let 

d G {x,y) = (E(G(x)-G{y)) 2 ) 112 . (5.3) 

Since 

(T(x, y)T(y, x)) 1/2 = \T(x, y)\ > T(x, y), (5.4) 

we get d(x,y) < do(x,y). Obviously, d G is a metric. It is well known that 
JT,d G< fi(D) is finite if (and only if) G is bounded, and that lim^o J r T,d o ,/i(<S) = 
if (and only if) G is a continuous on (T,do). In Section 7.2 we explain how 
to use Theorem 11.11 to show that lim^o JT,d G ,iJ,{5)=0 is a sufficient condition 
for the almost sure continuity of G on (T,do). 

2. Possibly d itself is a metric even when r(t,s) ^ r(s, t) for 
some s, t E T. To verify this it suffices to show that all the 3x3 deter- 
minants of the matrices {(r(xi,Xj)T(xj,Xi)) 1 ' 2 , 1 < i,j < 3}, are greater than 
or equal to zero, for all distinct triples (a?i,#2>#3 £ T), since this implies 
that (G Xl ,G X2 ,G X3 ) is a Gaussian vector in R 3 and therefore, d(xi,xs) < 
d(x 1 ,x 2 ) + d(x 2 ,x 3 ). 

3. Conditions under which d is equivalent to natural metrics for 0. 
Lemma 5.1 Let dg be as given in Iil.l3\) and define 



Then 



d e {x,y) = [E({6 x -Ee x )-(e y -Ee y )Y) . (5.5) 

V2 



V2 + 1 



de(x,y) < d e (x,y) < 2d e (x,y) (5.6) 



and 

K (T(x, x) + T(y, y)) 1/2 d(x, y) < d e (x, y) < 2 (r(x, x) + T(y, y)) 1/2 d(x, y), 

(5.7) 
where K = y/2/(y/2 + l). 
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Remark 5.1 By ([57 



cid(x,y) <d e (x,y) <c 2 d(x,y). (5.8) 

where c\ = 2inf x£ T^ 1 ' 2 (x,x), c 2 = 2y / 2sup ;ceT r 1 / 2 (x,x). In particular, if 

< inf r(x, x) < sup r(x, x) < oo, 

x&T xeT 

then d is equivalent to dg and dg. 



Proof By Lemma 13721 

d%(x, y) = 2 (T 2 (x, x) + T 2 (y, y) - 2T{x, y)T(y, x)) . (5.9) 

Let 

d 2 (x, y) := (E6 X - E9 y ) 2 = (T 2 (x, x) + T 2 (y, y) - 2T(x, x)T(y, y)) (5.10) 

By ([37J) 

d(x,y) < -=dg(x,y). (5.11) 

By the Cauchy-Schwarz Inequality 

d{x,y)<dg(x,y). (5.12) 

Using this and the triangle inequality we see that 

dg(x,y) < dg(x,y) + d(x,y) < 2dg(x,y) (5.13) 

and 

dg(x,y)>dg(x,y)-d(x,y), (5.14) 

which, along with ()5.1ip . implies that 

(l + -j=)d e (x,y)>d (x,y). (5.15) 



Thus we get (|5.6p . 
By ([579D and ([L5 



%(x,y) < 2((r(x,x)+T(y,y)) 2 -4T(x,y)T(y,x)) (5.16) 

= 2 (r(x, x) + T(y, y) - 2^T{x, y)T(y, \ 



T(x, x) + T(y, y) + 2y/T{x,y)T{y, x) 
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This gives the upper bound in (|5.7p . 
For the lower bound we note that 

4(x,y) = E{G 2 (x)-G 2 (y)) 2 (5.17) 

= E {(G(x) - G(y)) 2 (G(x) + G(y)) 2 } 

= E (G(x) - G(y)) 2 E (G(x) + G{y)) 2 + 2 (E {G 2 (x) - G 2 {y)}f 
> E(G(x)-G(y)) 2 E(G(x) + G(y)f 
T{x, x) + T(y, y) - 2^T{x,y)Y{y,x) 



x [T(x, x) + T(y, y) + 2^/T(x,y)T(y,x) 

Consequently 

d e (x, y) > (T(x, x) + T(y, y)) 1 ' 2 d(x, y). (5.18) 

Using (|5.6p we get the lower bound in f|5.Tj) . n 

Lemma 5.2 

d{x,y)<d l J\x,y). (5.19) 

Proof By (IBTTTD 

d 2 e (x,y) > {{T{x 1 x) + T(y 1 y)) 2 -AT{x,y)T(y,x)). (5.20) 

Consequently 

de(x,y) > ((r(x,x)+r(y,y))-2(r(x,y)r( 2/ ,x)) 1/2 ). (5.21) 
Taking the square root again we get ()5.19p . n 

Lemma 5.3 

\d(x,y)-d(x,z)\<C[l+ sup r(«,«) ) (d 1 / \y,z) + d 1 e / \y,z)). (5.22) 

\ u,v<=T I v J 



Proof 



\d(x,y)-d(x,z)\ (5.23) 

<\d 2 (x,y)-d 2 (x,z)\ 1 / 2 

<\T{y,y)-T(z,z)\ l l 2 +2\(T(x,z)r(z,x)) 1 / 2 - (T{x,y)T(y,x)) l l 2 \ l l 2 

< \T{y, y) - T(z, z)\ l l 2 + 2|r(x, z)T(z, x) - F(x, y)T(y, x)\ l l 4 . 
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By tfSSD 



\T(x,z)T(z,x)-T(x,y)T(y,x)\ (5.24) 

<c(\d 2 e (x,z)-d 2 e (x,y)\ + \r 2 (y,y)-r 2 (z,z)\),. 

and by (pUT]) 

|r(y,y)-r(z,z)| <J e (y,z). (5.25) 

In addition 

\dg{x,z) - d 2 e (x,y)\ < 2 sup dg(u,v)\dg{x,z) - dg(x,y)\ (5.26) 

u,v£T 

< 8supT(u, u)dg{y,z). 
Putting these together we get (|5.22p . n 

Lemma 5.4 Assume that sup ner T(u,u) < oo. Then the sets bj(x,u) = {y G 
T | d(x, y) < u},x £ T,u £ R + form the base for the dg (and equivalently the 
dg) metric topology. 

Proof Let f x (y) = d(x,y). By (|5.22p we have that f x is continuous with 
respect to dg, and hence b^(x,u) = /~ 1 ([0, «)) is open with respect to dg. We 
now show that for any x G T,u G R + , and any y G b^ (x,u), we can find 
v > such that b^(y,v) C 6^ (x,u). To see this, first choose w > such that 
&d (?/)W) C bj (x,u). It then follows from (|5.8p that 6^(y, c^ 1 ^) C 6^ (y,w). 
By ()5.6p the same argument applies with d# replaced by dg. n 

LetS(x,y) =T(x,y)T(y,x). It follows from Lemma l3.2l that {T,(x. y),x,y G 
T} is positive definite. Therefore it is the covariance of a mean zero Gaussian 
process which we denote by {S{x),x G T}. Clearly 

dg(x,y)= (E(S x -S y ) 2 ) . (5.27) 

4. Conditions under which d is equivalent to a function that may 
be a metric for a Gaussian process We suppose that 

\T(x, y)\ V |r(y, x)\ < T(y, y) A T(x, x). (5.28) 

Let 

d 2 (x, y) = {T(x, x) + T(y, y) - (\T(x, y)\ + \T(y, x)\)} 1 ' 2 . (5.29) 
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Lemma 5.5 When \5.28\) holds 

—=d(x,y) < d 2 (x,y) <d(x,y). (5.30) 

In general when T(x,y) is the potential density of a Borel right process X, 
in place of (|5.28p we only have 

< Y(x, y) < T(y, y) and < F(y, x) < F(x, x). (5.31) 

(See, e.g. |244 Lemma 3.3.6] where this is proved for symmetric potential 
densities and note that the proof also works when the densities are not sym- 
metric.) 

Set T(x,y) = T(y,x). This is the potential density of X, the dual process 
of X. Therefore, if X is also a Borel right process, using (|5.3ip . we actually 
get (|5.28p . In [7] it is shown that for certain Borel right processes X with 
potential density T(x,y), d^ix^y) is a metric. (See Section [7] for details.) 

Proof of Lemma 15.51 We have 

d 2 (x,y) = d 2 (x,y) + \\T(x,y)\ 1 / 2 -\T(y,x)\^ 2 \ 2 (5.32) 

< dl(x,y) + ||r(a;,y)|-|r(y,x)||. 

By flSMD if |r(x,y)| - \T(y,x)\ > then 

||r(x,y)|-|r(y,x)|| < T(y,y)-\r(y,x)\ (5.33) 

< T{y,y) + T{x,x) - {\T{y,x)\ + \T(x,y)\) 
= d\{x,y). 

Interchanging x and y we also get that when and if |T(y,x)| — |T(x,y)| > 

|r(y,aO|-|r(s,y)|<dl(x,y). (5.34) 

Therefore 

d 2 (x,y)<2d 2 2 (x,y). (5.35) 

Using this and the first line of (|5.32|) we get ()5.30p . n 



Remark 5.2 Suppose that T(x,y) is the potential density of a Borel right 
process but that we don't require that the process has a strong dual. By 

dS3U 

d 2 (x, y) := {T(x, x) + T(y, y) - (T(x, y) + T(y, x))} 1 / 2 (5.36) 
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is well defined and we have 

d\x,y) = d 2 2 (x,y)+T(x,y) + T(y,x)-2(T(x,y)T(y,x)) 1/2 (5.37) 
= d 2 2 (x, y) + ( y/F{x, y) - y/T(y, x) ' " 

Define 



d 3 (x,y) = \y/T(x,y)-^T(y,x)\. (5.38) 

thus we have 

d(x,y)>d 2 {x,y), d(x,y) > d 3 (x,y) and d(x,y) < d 2 (x, y) + d 3 (x,y). 

(5.39) 
This gives the following lemma: 

Lemma 5.6 For fixed ji and T consider J-^(a), Jd 2 ( a ) an d Jd 3 ( a ) f° r an V 
<a<D. Then 

J^(a) < oo if and only if both Jd 2 { a ) < °° an d Jd 3 (a>) < oo. (5.40) 

Proof Only if is a trivial consequence of the first two inequalities in (|5.39p . 
For the other direction, let 

A t {u) := {u : d 2 (t, u) < d 3 (t,u)} and B t (u) := {u : d 3 (t,u) < d2(t,u)}. 

(5.41) 
Therefore, 

d(t,u) <2d 3 (t,u) on A t (u) and d(t,u) < 2d 2 (t,u) on B t (u). (5.42) 

This implies that 

J T,dJ a ) ^ / ^[o,a]w(log ) du (5.43) 

'* VA t (n) V H{-t>2d 3 (t,U))J 

+ 0°* , ('%(iWM)>) * 

- r( iog M(^(*. u ») * ,+ r( iog /.(W',«))) *■ 

Using (|5.ip completes the proof. a 



The point here is that (|5.28j) makes d 3 irrelevant, but for general Borel 
right processes it must be taken into account. Using d in Theorem [1J] takes 
it into account. 
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Remark 5.3 Let {T(x,y),x,y G T} be the kernel of a permanental process. 
In [8] an important role is played by the family of related permanental pro- 
cesses T,5 := {T(x,y) + S,x,y G T}, S > 0. Let ds be the function defined in 
(|5.2p with T replaced by T$- We note that when T(x,y) > for all x, y G T 



ds(x,y) decreases as 5 increases. (5.44) 

To see this we use the first line of (|5.32p to get 

d 2 s (x, y) = d 2 2 (x, y) + ((T(x, y) + £) 1/2 - (T(y, x) + 5) 1 ' 2 ) * , (5.45) 

since, obviously, d^ doesn't change when T replaced by T$. It is easy to see 
that the last term in (J5.45P is decreasing as 5 increases. 

6 Local times of Borel right processes 

Our primary motivation for obtaining sample path properties of permanental 
processes was to use them, along with the following isomorphism theorem, 
to obtain sample path properties of the local times of Borel right processes, 
paralleling our use of Dynkin's isomorphism theorem in [22], to obtain sample 
path properties of the local times of strongly symmetric Borel right processes. 
Let X = (£l,Xt,P x ) be a Borel right process with 0-potential density 
u(x,y). Let h x (z) = u(z,x) and assume that h x (z) > for all x,z G 5. 
Recall that the expectation operator E z ' hx for the ^-transform of X is given 
by 

E */ h *(Fl {t<Q ) = -J^—EfiFhviXt)) for all F G 6^°, (6.1) 

where J^ is the cr-algebra generated by {X r , < r < t}. (See e.g. (2H 

(3.211)].) 

Recall that on page[3]we wrote that Eisenbaum and Kaspi pointed out that 
the 0-potential of a transient Markov process was a kernel for a permanental 
process. Using this they establish the following isomorphism theorem. 

Theorem 6.1 (Eisenbaum and Kaspi, [8]) Let X = (Q, X t , P x ) be a Borel 
right process with 0-potential density u(x,y), and let L = \h\ ; (y,t) 
G S x -R+} denote the local times for X , normalized so that 

E»{Ll Q ) = u{v,y). (6.2) 

Let x denote a fixed element of S, and assume that u(x,x) > 0. Set 

h x (z) = u(z,x). (6.3) 
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Let 6 = {6 y ; y £ S} denote the permanental process with kernel u(x, y) . Then, 
for any countable subset D C S, 

{H, + i0„ ; , e D , P* x ft} ft {i«„ ; „ e D , ^n}. (6.4) 

Equivalently, for all x±, ■ ■ ■ ,x n in S and bounded measurable functions F 
on R 7 ^, for all n, 

*■"■*(* (i3 + £))=*y^(£)). (6-5) 

(Here we use the notation F(f(xi)) := F(f(xi), . . . , f(x n )).) 

Theorem 16.11 is only a partial analogue of Dynkin's isomorphism theorem 
for strongly symmetric Borel right processes, [24, Theorem 8.1.3], which holds 
with measures p x / h ) for a much wider class of functions h than those in (|6.3p . 
In addition, note that Theorem 16.11 can only give a version of {L\ ; (y, t) G 
5 x R + } which is jointly continuous with respect to the measures P x ' hx . In 
order to use this to obtain joint continuity with respect to the measures P x we 
use (|6.ip with z = x. Therefore, since we require that h x (z) > for all z G S, 
when P x / hx (A, t < () = for some A £ Ff, we also have P X (A, t < () = 0. 

When we say that a stochastic process L = {Lf,(y,t) G S x R + } is a 
version of the local time of a Markov process X we mean more than the 
traditional statement that one stochastic process is a version of the other. 
Besides this we also require that the version is itself a local time for X, i.e. 
that for each y G S, L y is a local time for X at y. To be more specific, 
suppose that L = {L^,(y,t) G S x i? + } is a local time for X. When we 
say that we can find a version of the local time which is jointly continuous 
on S x T, where T C i?+, we mean that we can find a stochastic process 
L = {Lt, (t, y) G (y,t) G S x i? + } which is continuous onSxT for all x G 5 
and which satisfies, for each x,y G 5 

Lf = £f VteR + , P x a.s. (6.6) 

Following convention, we often say that a Markov process has a continuous 
local time, when we mean that we can find a continuous version for the local 
time. 

Proof of Theorem 11.21 The proof follows the general lines of the proof for 
symmetric Markov processes in [22| Section 6]. However, there are significant 
differences, so we give a self contained proof. 
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Since S is a locally compact topological space with a countable base, we 
can find a metric p which induces the topology of S. We first consider the case 
where X is a transient Borel right process with state space S and continuous, 
strictly positive 0-potential densities u(x, y). We take to be the permanental 
process with kernel u(x,y). 

Fix a compact set K C T and some x £ K. By (|1.19p . Corollary 11.11 and 
Lemma 13.41 we can find a version of 6 which is continuous on K almost surely 
and such that for each p 

E sup 6 P X < oo. (6.7) 

xEK 

We work with this version. 

It follows from [22] (4.30) and (4.31)] that for any z,y G S 

EZ/hx{L v ) = <^y)hM (68) 

h x {z) 

We shall use the fact that that Xt is a right continuous simple Markov process 
under the measures P z / h *, [231 Lemma 3.9.1]. 

To begin, we first show first that L is jointly continuous on K x R + , almost 
surely with respect to P x / hx . By [24^ Lemma 3.9.1] we can assume that the 
local times L\ are J-^ measurable. Consider the martingale 

^ = £*A*(I4|^). (6.9) 

Let Tt denote the shift operator on Q. Then 

L^ = L\ + 1& o n = L\ + l {t<c} Z4 o Tt . (6.10) 

Therefore 

A^ = ^ + J B^(l {t<c} L^or t |^) (6.11) 

= Li + l {t<a £^(Z4 o Tt | 7?) = ^ + l {t<c} ^/^(L^), 

where we use the simple Markov property described above. It follows from 
(|6.8|) . using the convention that l//i(A) = 0, that 

u(X t ,y)h x (y) 

A *- L t + hx (x t ) ■ (6 ' 12) 

Since Xj is right continuous for p x / hx j A v is also right continuous. Let D be 
a countable dense subset of K and i 7 a finite subset of D. Since 

(6.13) 



sup A y - 


-A? = 


= sup \A y - 


-A 


p(v,z)<8 




p(y,z)<& 




y,z£F 




y,z£F 





Permanental processes 



31 



is a right continuous, non-negative submartingale, we have, for any e > 

W h »(sup sup A y t -A z t >e) (6.14) 

t>0 p(y,z)<S 
y,zeF 

< l -E*f h *{ sup V 00 -L' 00 )<-E?>t h '{ sup VL-L^). 

y,z£F y,z&D 



It follows from (16.51) that 



E x ' h *( sup L^-Xy <E e sup 

p(y,z)<& \p(»,z)<* 

y,z£D y,z&D 



H — ^ rf^ef SU P 



1^. _ _£ 

2 2 

®_y_ _^_z_ 
2 2 



(6.15) 



£ fl 



1/2 



It follows from the uniform continuity of on K and (|6.7p that for any 
e > 0, we can choose a 5 > such that the the right hand side (16.150 is less 
that e. Combining (|6.12p - (|6.15p we get 



P x/hx (sup sup L\-L\ >2e) 

t>0 p(y,z)<S 

y,z&F 



(6.16) 



< l+p x/h, | sup—— sup (u{X t ,y)h x {y) - u{X t , z)h x {z)) > e 

t>0 fty-X-t) p(y,z)<S 

y,z£D 
<e + P x ' h * fsup . 1 . > ( 



vt> 



U.(X 4 ) -70*)/' 



where 



7(5) = sup sup \u(x,y)h x (y) - u(x,z)h x (z)\ (6.17) 

xeSp(y,z)<<5 

= sup sup \u(x,y)h x (y) - u(x,z)h x (z)\. 

X&K p(y,z)<S 

y,z£D 

The last equality follows from [241 (3.69)], since the proof does not require 
that u(x, y) is symmetric. 

It follows easily from (|6.ip and the fact that Xt is a simple Markov process 
under the measures P z ' hx , that l/h x (X t ) is a supermartingale with respect to 
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P x ' x . Since l/h x (Xt) is also right continuous and non-negative, we have 

p-/*- ( sup _j_ > _l\ < ^^ r^_^ = ^l = m 

\t>oh x (X t ) -~/(6)J ~ e W(Xo)J eh x (x)~ e" 

(6.18) 
Since both /i and u are bounded and uniformly continuous on K, it follows 
from (|6.17p that by choosing 5 > sufficiently small we can make the right- 
hand-side of (|6.18p less that e. By this observation and (J6.16J) . and taking the 
limit over a sequence of finite sets increasing to D we see that for any e and 
e > we can find a 5 > such that 

P^Csup sup L\-L\> 2e) < 2e. 

*>0 p(y,z)<S 

y,z£D 

It follows by the Borel-Cantelli Lemma that we can find a sequence {5i} ( j*i 1 , 
Si > 0, such that lim^oo 5i = and 

sup sup L\-L\<)- (6.19) 

t>0 /»(»,*)<«< z 

y,z€D 

for all i > /(w), almost surely with respect to P x ' hx . 

Fix T < oo. We will now show that L^ is uniformly continuous on [0,T]xD, 
almost surely with respect to P x / hx . That is, for each ui G Q! C $7, with 
px/hx^Q'j = i^ we can f] nc j an /(w), such that for i > I(w) 

sup sup |Lf-Lf|<i (6.20) 

|s-t|<*< p(.y,z)<S'. l 

s,te[0,T] y,zeD 

where {5 / i } c ^ =1 is a sequence of real numbers such that 5[ > and lim^oo 8^ = 0. 
To prove (|6.2U|) . fix cj and assume that i > I(w), so that (|6.19|) holds. Let 
Y = {yx, . . . , y n } be a finite subset of D such that 

n 

#C \jB p ( yj ,5 i+2 ). 
i=i 

By definition each L t j (uj), j = l,...,n, is uniformly continuous on [0,T]. 
Therefore we can find a finite increasing sequence t\ = 0, t2, ■ ■ ■ , tk-i < T,tk > 
T such that t m — t m -\ = 8'L 2 for all m = 1, . . . , k where 5'! +2 is chosen so that 

|L* + >)-L*_>)|<-^ Vj = l,...,n Vm = l,...,fc-1. (6.21) 
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Let s%,S2 G [0, T] and assume that s± < S2 and that S2 — s\ < <5" +2 . There 
exists an 1 <m < k — 1, such that 



tm-l < Si < S 2 < t 



m+1- 



If y,z G D satisfy p(y, z) < 5i + 2 we can find a yj G Y such that y G 
B p {yj,5i + 2)- If, in addition, L v S2 {uj) > L z (oj) we have 



< 
< 
< 



&„{*)- L* tl (u) (6.22) 

+|L*_ 1 H-LL_ 1 (a;)| + |LL_ 1 M-Lf m _ 1 H|, 



where the second inequality uses the fact that local time is non-decreasing in t. 
The second term to the right of the last inequality in ()6.22|) is less than or equal 
to 2~v ,+2 > by (I6.2ip . The other three terms are also less than or equal to 2~^ l+2 > 
by (16.19!) since p(y,yj) < 5 i+2 and p(y,z) < 5 i+2 . Taking 5[ = 5" +2 A 5 i+2 we 
get (|6.20p on the larger set [0, T'] x D for some T" > T. Obviously this implies 
(I6.20p as stated in the case when L v S2 (uj) > Lf i (w). A similar argument gives 
(lOOH when L v S2 {uj) < L z Si (u). Thus (^101) is established. 

In what follows we say that a function is locally uniformly continuous on a 
measurable set A in a locally compact metric space if it is uniformly continuous 
on A n K for all compact subsets K C S. Let K n be a sequence of compact 
subsets of S such that S = U^ =1 K n , and let D' be a countable dense subset 
of S. Let 

fi = {uj | L v (uj) is locally uniformly continuous on [0, £) x Z)'} 

Let Q denote the rational numbers. Then 

Cl c = M {uj | L y (ui) is not uniformly continuous on [0, s]x(iC n nI? / ); s < (} 

seQ 
l<n<oo 

(6.23) 
Since h x > it follows from (^201) and (JSHD that P x (tt c ) = for all x G 5, or 
equivalently, that 

P X (A) = 1 Vx G 5. (6.24) 

We now construct a stochastic process L = {L y , (t, y) G R+ x S 1 } which is con- 
tinuous on [0, () x S" and which is a version of L. For wsH, let {L^(cj), (t, y) G 
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[0, £) x S} be the continuous extension of {L y (uj),(t,y) G [0, C) x D'} to 
[0, C) x S. Set 

L y (uj) = L y (u;) ift<CM (6-25) 



2#(w) = lim inf r|(w) if t > C(w) (6.26) 

«tC(«») 



seQ 



and for a; G r2 c set 



Ljf(w) = Vt,y£R + xS. 



The stochastic process {L y ,(t,y) G i?+ X 5} is well defined and, clearly, is 
jointly continuous on [0, £) x S. 

We now show that L is a local time by showing that for each x,y G S 

L y = L y , V< G P+, P x almost surely. (6.27) 

Recall that for each z G D', {L*,t G -R+} is increasing, P x almost surely. 
Hence, the same is true for {L y ,t < £} and so the limit inferior in (I6.26P 
is actually a limit, P x almost surely. Thus {L y ,t G -R+} is continuous and 
constant for t > £, P x almost surely. Similarly, L y , the local time for X at y, 
is, by definition, continuous in t and constant for t > £, P x almost surely. Now 
let us note that we could just as well have obtained (|6.20p with D' replaced 
by D' U {y} and hence obtained (|6.24p with D' replaced by D' U {y} in the 
definition of fi. Therefore if we take a sequence {2/i}£i with j/j G -D' such that 
limj^oo j/j = y we have that 

lim L^ = L^ locally uniformly on [0,£), P x a.s. (6.28) 

i— >oo 

By the definition of L we also have 

lim Lf = L y locally uniformly on [0,C), P x a.s. (6.29) 

i— >oo 

This shows that 

L^ = L^ Vi<C, P* a.s. (6.30) 

Since L y and L y are continuous in t and constant for t > (, we get (|6.27p . This 
completes the proof of Theorem 11.21 when X is a transient Borel right process. 

Now let X be a recurrent Borel right process with state space S and contin- 
uous, strictly positive 1-potential densities u l {x,y). Let Y be the Borel right 
process obtained by killing X at an independent exponential time A with mean 
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one. The O-potential densities for Y are the 1-potential densities for X. Thus 
we have a transient Borel right process Y with continuous, strictly positive 
O-potential densities n 1 (x,y). It is easy to see that L y thX is a local time for Y. 
Therefore, by what we have just shown for transient processes, L y is contin- 
uous on S x [0, A), P x x v almost surely, where v is the probability measure 
of A. It now follows by Fubini's Theorem that V( is continuous [0, qi) x S for 
all qi S Q, P x almost surely, where Q is a countable dense subset of R + . This 
gives the proof when X is recurrent. n 

Proof of Theorem 11.31 We use (|6.5p for the process obtained by killing X at 
an independent exponential time p with mean 1 to see that for any countable 
set C C T 

E x / h * (supL y p j (6.31) 



\u{x,x) ye c V 2 / / 



1/2 



By Lemma [3 



so, consequently, 



E x l h * supL^ <oo, (6.32) 



supL v < oo, P x/hx almost surely. (6.33) 

2/6C 



By Fubini's Theorem this implies that 

supL^ < oo, P x/hx almost surely (6.34) 

yec 

for almost all t £ [0, £). As in the preceding proof, we can deduce that this 
also holds P x almost surely. Since L/( is non-decreasing in t we get (ll.20p . 

For the proof of (|1.22|) we require the next lemma. Fix an element G 5. 
We use the notation ||C||^ 2i o/h t° denote the Orlicz space norm with respect 
to E°/ h °. 
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Lemma 6.1 Under the hypotheses of Theorem \6.1\ let 

n(x,y) = (u(x,x) + u(y,y) - 2(u(x,y)u(y,x)) 1/2 J . (6.35) 

Then 

||2£, AA-L^A AH^o/ho < C X 1/2 K (x, y), (6.36) 

where C = 2(^2 + ^/2/^/3). 

Proof It follows from (|6.5p . Lemma [3TT1 and ()3.10|) that 

V V 2a\ 1 l i K(x,y) yy 

#0 , (9 x f\\-6 y f\\ 



Ee \u(0,Q)^\ 2a\V*K{x,y) 

^^{^(^(^/a))} 1 / 2 . 
Note that 

E (V>2 (»?/a)) = E (exp (2rj 2 /a 2 )) - 2E (exp (r/ 2 /a 2 )) + 1 (6.38) 

1 1 

+ 1. 



V 1 " 4 /« 2 x/l 77 ^ 

In particular, if we set o? = 8, Eg (-0| i 7 ]/ -)) < -2- Consequently 

||2(I& A A - L^ A A) + (6 X A A - 0„ A X)\\^ 0/hx < 4v / 2A 1/2 k(x, y). (6.39) 
Using the triangle inequality and Lemma 13.31 we get (|6.36p . n 

Proof of Theorem 11.31 continued We use (J6.36P for the process obtained 
by killing X at an independent exponential time p of mean 1 to see that 

II^AA-^AAll^o/^o <C X 1/2 d(x,y). (6.40) 

In the same way we obtained (|1.18p . this gives 

\L X — L y \ 

lim sup — V-T7 TTT<Ci(supL*) 1/2 , P°/ ho a.s. (6.41) 

s^o x , v ei< Jd 1 {di(x,y)/2) xeK 

di(x,y)<5 
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By Fubini's Theorem this implies that 



I T X J V\ 

lim sup - '; f ~ V. . ^CifsupL?) 1 / 2 , 
<5->o XtyeK J dl {di(x,y)/2) xGK 

di(x,y)<6 



(6.42) 



for almost all t £ [0, £), P°/ h ° almost surely. As in the last proof, we can 
deduce that this also holds P° almost surely. □ 

Theorem 6.2 Let X = (£l,Xt,P x ) be a Borel right process that satisfies all 
the hypotheses in Theorem ] 1.3\ used to obtain \1.2£fy . Let T$ and fxg be as in 
Lemma \4-l\ and assume that {4-lOty holds. Then 



lim sup |Lf L }°) <30(Lf') 1/2 a.s. (6.43) 



where HT S;( i l! ^ s (6/4) is given in |^. 19\ ). 



Proof This follows from (|4.18[) in the same way (jl.22p follows from (|1.18j) . 
D 



7 Further discussion 

7.1 Theorem 11.21 gives the continuity results in [7, Theorem 
1.1] 

Let X be a recurrent Borel right process with state space S and strictly positive 
a-potential densities with respect to some reference measure. Let be a 
distinguished point in S and let ut (x, y) denote the potential densities of the 
Borel right process Y, which is X killed the first time it hits 0. In [7], the 
authors show that when X has a dual Borel right process, ut (x, y) + ut (y, x) 
is positive definite, so that 

K[x,y) = (u To (x,x) +u To {y,y) -u To (x,y) -u To {y,x)) ' (7.1) 

is a metric on S. In [JJ Theorem 1.1] they show that if for every compact set 
K C S, one can find a probability measure [Ik on K, such that 

lim J K , K , m (S) = 0, (7.2) 

then the local times of X are jointly continuous. 
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We show how this result follow from Theorem ll.2i Let {L/(; (y, t) £ SxR + } 
denote the local times of X. Let r(t) = inf{s > | L® > t} be the inverse local 
time at 0, and let A be an independent exponential random variable with mean 
1. Let u T i\\{x,y) denote the potential densities for the Borel right process Z, 
which is X killed at r(A). It follows from [21 (3.193)] that 

u T (X)(x,y) =iir (x,y) + l. (7.3) 

Let d(x,y) be the function defined in (|1.6p for the kernel u T ^(x,y). 

We now note that since X has a dual Borel right process, so does Y. 
Therefore UT (x,y), the potential of Y, satisfies (|5.28p . By (|7.3p . u T (x)(x,y) 
also satisfies (|5.28p and, obviously, the cfo metric for u T (x)(x,y) (defined in 
(|5,29p ) is equal to n{x,y). Therefore, by (I5.30P 

— d(x,y) < n(x,y), (7.4) 

and consequently (|7.2p implies (|1.19p . 

Therefore, it follows from Theorem [L2l that X has continuous local times 
on S x [0, t(A)). Using Fubini's Theorem, as in the last paragraph of the proof 
of Theorem ll.il and the fact that lim^oo r(t) = oo, we see that X has jointly 
continuous local times on S x [0, oo). 

7.2 On the continuity of squares of Gaussian processes 

Let {G(t),t S T} be a Gaussian process with covariance u(x,y). Let 

d G (x,y) := {E(G(x) - G(y)) 2 f 2 (7.5) 

= (u(x,x) +u(y,y) - 2u(x,y)) 1/2 . (7.6) 

The well known necessary and sufficient condition for the almost sure continu- 
ity of G on the metric space (T, do) is that there exists a probability measure 
H on T such that 

hmJr, dG , M (£) = 0. (7.7) 

We now explain how to use Theorem 11.11 to show that flT.Tf) is a sufficient 
condition for the almost sure continuity of G on (T, do)- 

Since continuity is a local property and the covariance u(x, y) is continuous 
on (T,dc), we can assume that \u(x, y)\ is bounded on T. We can therefore 
choose an < M < oo such that 

v(x,y) :=u(x,y) + M > 0, Vx,yGT. (7.8) 
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Set G(t) = G(t) + Mr], where rj is an independent standard normal. Note that 
u(x,y) + M is the covariance of the Gaussian process {G(t),t G T}. Therefore 
{(G(t)) 2 ,t G T} is the permanental process with kernel v(x,y). Since v(x,y) 
is positive and symmetric, the function d(x, y) determined by v(x, y) in (|1.6p 
is 

d(x,y) = 4^/2/3({u(x,x) + M) + {u(y,y) + M)-2(u{x,y) + M)) 1/2 

= 4^/2/3 d G (x,y). (7.9) 

Thus if (|7.7p holds, Theorem 11.11 shows that {(G(t)) 2 ,t G T} is almost surely 
continuous on the metric space (T, do). We now explain why this implies the 
almost sure continuity of {G(t),t G T}, which, obviously, is equivalent to the 
almost sure continuity of {G(t),t G T}. 

Clearly if a Gaussian process G is continuous so is G 2 . The converse is 
not true without additional conditions. For example consider the Gaussian 
process G(t) = r]f(t),t G [0,1], where n is a normal random variable with 
mean and variance 1, and where f 2 (t) is continuous but f(t) is not. In this 
case G 2 (t) has continuous paths on [0, 1], in the usual topology, but G(t) does 
not. Note that in this example the covariance of G(t) is not continuous. In 
the following lemma we add this condition. 

Lemma 7.1 Let (T,d) be a compact metric space and let {G(t),t G T} be a 
Gaussian process with covariance continuous in some neighborhood of (to, to). 
Then if G 2 is continuous at to so is G. If the covariance is continuous on all 
of T , and {G 2 (t),t G T} is continuous then {G(t),t G T} is continuous. 

Proof Because the covariance of G is continuous, the discontinuities of G 
have certain regularity properties. When G has a discontinuity at to with 
positive probability, i.e. 

< a(t ,uj) := lim sup \G{t,u>) - G(t ,uj)\ < oo, (7.10) 

s ^°teB d (t ,S) 

for u G n f C n, with P(fi') > 0. Then, P(Q') = 1, and a{t,uj) = a(t), is a 
deterministic function of t, on $7'. Furthermore, 

(5(t )) 2 = lim sup (G(t,uj)-G{to,uj) 2 . (7.11) 

s ^°teB d (t ,S) 

(See, e.g. [Ml Theorem 5.3.7].) This shows that G 2 (t) is not continuous at to- 

It follows from the preceding paragraph that if the covariance is continuous 

on all of T and {G 2 (t),t G T} is continuous, then G(t) is continuous at each 
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t £ T almost surely. By [Ml Corollary 5.3.8, (1)] this implies that {G(t),t G T} 
is continuous almost surely. 

□ 

8 Loop soup local times of certain Markov processes 

Certain Markov processes Yj have bridge measures, P t ' , which serve as regular 
P x conditional measures for Y s , < s < t, given that Yt = x. Rather than 
strive for the greatest possible generality, we consider the processes studied in 
[10] . Our work is based on [15] and [16], which deals with symmetric Markov 
processes. 

Let S a be locally compact set with a countable base. Let Y = (Q, Yt, P x ) be 
a recurrent Borel right process with state space S, cadlag paths, and transition 
densities pt(x,y), with respect to some cr-finite measure m on S. We assume 
that the 1-potential densities u (x,y) = J Q e~ t pt(x,y) dt are continuous. We 
do not require that the process is symmetric. 

Assume that Y has a dual Borel right process. It then follows that Y has 
jointly measurable transition densities pt(x,y) with respect to m. Assume, 
furthermore, that < pt(x,x) < oo, for all < t < oo and x £ S. It then 
follows from |10] that for all < t < oo, and x € S, there exists a finite 
measure P* ,x on J~ t -, of total mass pt(x,x), such that 

Pr(F) = P x (Fp t . s (Y s ,x)), (8.1) 

for all F £ F s with s < t, and that P£' x is supported on {Yq = Y t - = x}. 

For A ^ S, let Qa denote the set of cadlag paths u in S U A with ut = A 
for all t > C- We set X t (uj) = oj t and as usual £ = inf{£ > 0|,Xt = A}. 
We define a a-finite measure fi on (£Ia,J~) by the following 'disintegration' 
formula, (see 01 p. 78-111]), 

fi(A) = f — f Pt' x (A n {C = t}) dm{x) dt, A£T. (8.2) 

Note that fx is supported on 

C = {X : X c - = X }. (8.3) 

Consequently we refer to fi as the loop measure associated with the Markov 
process Y. 

The next lemma describes the finite dimensional distributions of /i. As 
usual, if F is a function, we often write n(F) for f F dp,. (We already used 
this notation in (18.11)). 
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Lemma 8.1 For any < t\ < • • • < t k -i < t k < oo and bounded Borel 
measurable functions fi, ■ ■ ■ , fk on S D A with fj(A) = 0, j = 1, . . . , k, 

f\flMX tj )\ (8.4) 

W =1 / 

— I h{yx)pt 2 -t 1 {yi,V2)h{y2) ■ ■ ■ 
• • • Ptfc-t fc _i (yk-i,yk)fk(yk)pti+t-t k (yk,yi) dm(yi) • • • dm(y fe ) dt 

Proof Since /,(A) = 0, j = 1, . . . , k, 

k k 

n/iWi{c=t> = ^^ii/i^)- ( § - 5 ) 

Therefore, by ([83]) 

^(n/i(^)l{C=Oj ( 8 - 6 ) 



= ijtfc^} / Pti(x,yi)h(yi)pt 2 -ti(yi,y2)f2(y2)--- 

■ ■ ■ Pt k -t h -i(yk-i,yk)fk(yk)Pt-t h (yk,x) dm(yi) ■ ■ ■ dm{y k ), 
so that 



/^' x (n/,(^)i{c=t}) **(*) 



(8.7) 

= i{t fc <t} / fi(yi)pt 2 -ti(yi,y2)f2(y2)--- 

• • • Ptfc-t fc _i(l/ik-i>yfc)/fc(2/fc)Pf 1 +t-tfe(yfe>?/i) dm(yi) • • • dm(y k ). 
Using the definition of /i in (J8.2J) we get (18. 6p . □ 

We have the following consequence of Lemma 18.11 
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Lemma 8.2 Let fi, ■ ■ ■ , fk be bounded Borel measurable functions on S U A 
with /j(A) = 0, j = 1, . . . ,k, and let u 1 be the 1-potential density ofY. Then 



n(/„ «*>* 

= k^ f7r(i)(yi)u 1 (yi,y2)f 7 r(2)(y2)--- 

k 
■ ■ ■ ^(yk-i, y^Lik^ykWiyk, yx) Y[ dm (yj)-< 



where Vk denotes the set of permutations of[l,k\. 
Proof It follows from (18. 6h that 

A I flMXt^dtA (8.9) 

W{0<ti<-<t fe _i<t fc <oo} J . =1 / 

= / — / fi(vi)Ph-tAvi>V2)h(v2)~- 

J {0<t 1 <-<t k _ 1 <t k <t<oc} T J 

k 

■ ■■Pt h -t k _ 1 (yk-i,yk)fk(yk)ptx+p-t k (yk,yi) J| dm(yj) dtj dt. 

3=1 

We make the change of variables (£, fc ■ ■ ■ , £fc) ~ > r i = *i + * ~~ ^fc> ^2 = *2 — 
t\, . . . ,rk = tk — tk-i, and integrate on £i to obtain 

m(/ ru-w^] (8.io) 

W{0<4i<-<t fe _i<tfc<oo} J=1 J 

r e -{ri+-+r k ) / r 

= / — . : — / fx(yx)pr 2 (yi,y2)f2(y2)--- 

J rx-\ Yr k \J 

■ ■ ■ Pr k (yk-i,yk)fk(yk)p ri {yk,yx) Yl dm (yj) ( / id*i ] JJ drj 
= / — . : / fi{yx)pr 2 {yi,y2)f2{y2)--- 

J rx-\ Vr k J 

k 

■ ■ ■ Pr h {Vk-x,yk)fk{yk)PrAyk,yx)W dm(y j )dr j . 

3=1 
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Hence 



4n(/°°^)*) ( 8 - n ) 



k 



„- e -p fc W{0<ti<-<t fc -i<t fe <oo} i=1 

/• rie -(n+-+r fe ) /• 

= / ri + . . . + n Z> J f*(i)(Vi)Pr2(Vi,V2)f*{2)(V2)'~ 

k 

■ ■ ■ Pr k {yk-i,yk)L(k){yk)PrAyk, yi) \\ dm{y 3 ) dr P 

Since this last integral is unchanged if r\ and rj, j ^ 1 are interchanged we 

8.12) 



(|8.11| 














= 


\l< 


-(ri+- 


■ + r k) ^ 

TrePfe 


//.(i; 


i (yi)pr 2 (2/1,2/2)^(2) (2/2) ••• 




■ ■■p. 


"kiVk- 


-i,yk)L(k)(yk)p r 


i(yfc,yi)JJ dm(y j )dr j , 

3=± 



which gives (|8.8p . n 

Let f x> g be an approximate 5-function at x. As usual we define the total 
local time of {Xt, t £ R + } at x by 



Z4 = lim/ f x , 5 (X t )dt. (8.13) 

<5->o Jo 

(Sometimes we emphasize that this depends on the paths u> by writing L^^uj).) 
Following the argument of [2A\ Theorem 3.6.3] we can show that this limit 
exists almost surely and in all IP . 

Lemma 8.3 

/in^) (8.14) 

: ^2 ul ( X k> X 7T(l))--- ul (Xn(k-2), X 7T(k-l)) ul ( x x(k-l), x k), 
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Proof By (|8^|) 
k 



(8.15) 



ix n L x d = iim m n (^°° f*iA x t) *) 

7reP fe y 

• • • ^{vk-iiVkifx^AykWiyk, yi) Y[ dm (yj) 

= T XI nl ( X 7r(l),a : 7r(2))---^ 1 (a;7r(fe-l),^7r(fc))« 1 (a;7r(fe),a;7r(l)) 

For the last equation we use the fact that we are permuting k points on a 
circle. □ 

Let C a be a Poisson point process on Qa with intensity measure a/x. Note 
that C a is a random variable; each realization of C a is countable subset of Oa- 
To be more specific, let 

N(A):=#{C a nA}, AC{l A . (8.16) 

Then for any disjoint measurable subsets Ai, . . . , A n of ft a, the random vari- 
ables N(A\), . . . , N(A n ), are independent, and N(A) is a Poisson random 
variable with parameter a/j,(A), i.e. 

P (MA) = k)= ("M- 4 )) e - aff (A) | (8-17) 

«r! 

The Poisson point process £ a is called the 'loop soup' of the Markov process 
Y. We define the 'loop soup local time', L x , of Y, by 

L%=J2LU")- (8-18) 

UJtCa 



The terms 'loop soup' and 'loop soup local time' are used in [21], |20j and [i~9l 
Chapter 9]. In [15] they are referred to, less colorfully albeit more descriptively, 
as Poissonian ensembles of Markov loops, and occupation fields of Poissonian 
ensembles of Markov loops. 

The next theorem is given for associated Gaussian squares in [161 Theorem 
9]. 



Permanental processes 45 

Theorem 8.1 Let Y be a recurrent Borel right process with state space S, as 
described in the beginning of this section, and let v}(x,y), x,y G S denote it's 
1-potential density. Let {L^,x G S} be the loop soup local time of Y . Then 
{2L^,x G S}, is an a -permanental process with kernel n 1 (x,y). 

Proof This theorem can be proved using the methods developed in [15]. We 
give a simple proof using the method of moments. 

Let 9 X = {0 x ,x G S} be an a-permanental process with kernel u (x,y). It 
follows from [30, Proposition 4.2] that for any x 1 , . . . , x n G S 



Yl^ixj^^j)), (8.19) 





where c(n) is the number of cycles in the permutation tr of [l,n]. In addition 
by, [301 P- 128], the moment generating function of Y^j=i z j^Xj has a non-zero 
radius of convergence. Consequently, an a-permanental process is determined 
by its moments. Therefore to prove this theorem it suffices to show that 

n 

= E aCW II ul fe.^))' (8-20) 

7T6P n 3 = 1 

By the master formula for Poisson processes, [PTt (3.6)], 
E ( e ^U z ^\ = eX p (a ( f (e^i'i^M _ A dfi(u)X\ . (8.21) 

Differentiating each side of (|8.2ip with respect to z\, . . . , z n and then setting 
zi, . . . , z n equal to zero, we get 

\j=l J 1=1 ul =1 Bi=[l,n] i=l \j£Bi J 

where the second sum is over all partitions B\, . . . ,Bi of [1, n]. Using (|8.14j) it 
is easily seen that this is the same as the right-hand side of ()8.20p . □ 



Remark 8.1 The results given in Section 1 provide sufficient conditions for 
the almost sure continuity and moduli of continuity for the loop soup local 
times corresponding to a = 1/2. These continuity results also hold for the 
loup soup local times corresponding to all a < 1/2, which by Theorem 18. II are 
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a-permanental processes with kernels u l {x,y). To see this let C a and £1/2-0 
be independent loup soups with local times {L^,x G 5} and { £1/2-0' x 6 ^l- 
Since C a is the Poisson process in Oa with intensity measure a/j, it follows 
that 

{L*,x £S} + {Lf /2 _ a ,x € 5} = {^ /2 ,xe S}, (8.23) 

(see (|8.2ip ). Since the processes on the left-hand side of (|8.23[) are independent, 
continuity of {L^, 2 ,x G S} implies the continuity of both {X Q ,x G 5} and 

{-^1/2-q' X G $}■ 

Let 9 = {9 x ,x G S} be an a-permanental process with kernel u 1 (x,y), 

x,y £ S, as considered in Theorem 18. 11 By [HJ Theorem 3.1], is infinitely 

divisible. Furthemore, in [51 Corollary 3.4], Eisenbaum and Kaspi show that 

the Levy measure of {0 x /2,x G S} is given by the law of {Lj^x G S} under 

the cr-finite measure 

c*u\y,y) py/hy (824) 

for any y G 5. (Recall the definition of E x ' hx given in (|6.ip and that we are 
assuming that it 1 (y,y) > 0.) However it follows from Theorem 18.11 that the 
loop measure a/i is the Levy measure of {9 x /2,x G S}. Therefore 



/'■ 



L 



y 



-py/ h y, (8.25) 



as measures on {L^,x G S}, for any y G S. This fact is also an immediate 
consequence of Lemma 18.31 as we now show. 

Lemma 8.4 For any xi, ■ ■ ■ , Xk G S, 

k \ /fc-i \ 

// I [I L - =u\x k ,x k ) E x ^ h ^ J] L - I • ( 8 - 26 ) 

Proof It follows from [221 (4.28)-(4.33)] that 

w*» ( n l - ) ( 8 - 27 ) 

= 5Z I 1 \ ul ( X k' X n(l))---U 1 (x n{k _ 2 ),X 7T ( k - 1 ))h Xk (x 7T ( k - 1 )) 

^eP fc _! nx ^ x k) 

= ^ ~T7 7 nl ( a; A : ,X 7r (i))----U 1 (x 7r ( fe _2),X 7r ( fc _l))n 1 (x 7r ( fc _ 1 ),XA,.). 

,-r> u \ x k)X k ) 
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Using ([5HD this gives (jgjjgp . n 
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